In this short note, we give basic enumerative results on colored integer partitions.
Introduction
An integer partition of n is a way of writing an integer n as sum of positive integers. For example, λ = (4, 2, 1) is a partition of 7. By convention, elements in a partition are written in decreasing order. If λ = (λ 1 , λ 2 , · · · , λ k ) is a partition of n, we use the notation λ ⊢ n.
The number of partitions of n is counted by the partition function P (n). For example, P (4) = 5 because 4 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 1 + 1 + 1 + 1. In general, the generating function of P (n) is as follows,
Now we want to use k colors to color each element in a partition, that is, we label elements in the partition with {1, 2, · · · , k}. For example, there are 6 2-clored partitions of 2. In the matrices, the top rows are labellings of colors and the bottom rows are integer partitions. Here we are not discussing about Ramanujan's n-color partitions. Details of Ramanujan's ncolor partitions can be found in [1] .
k-colored and exact k-colored
From the preceding example, it is clear that number of k-colored partitions is related to the number of parts of a partition. In other words, if a partition λ has m parts, then we have k m ways to color this partition.
Suppose P (n, m) is the number of partitions of n into m parts, recall that n≥1,m≥1
We let CP k (n, m) denote the number of k-colored partitions of n with m parts and let CP k (n) denote the number of k-colored partitions of n. Clearly, CP k (n, m) = k m P (n, m). Then for the generating function of CP k (n, m), we have
Setting y = 1, we have following theorem.
where CP k (n) is the number of k-colored partitions of n. We let EP k (n) denote the number of the exact k-colored partitions of n. Then we have the following recursion
and the base case
Based on the recursion above, we have following corollary.
Corollary 2.
For example, when k = 3,
A few initial terms of EP 3 (n) for n ≥ 1 are 0, 0, 6, 42, 198, 780, 2778, · · · . 
where D k (n) is the number of k-colored partitions of n so that no adjacent parts have the same color. Similarly, we have exact k-colored partitions of n so that no adjacent parts have the same color. We let ED k (n) denote the number of such partitions. Based on the idea of recursion, we have the following corollary. 
Corollary 4.
ED k (n) = k−1 j=0 (−1) j k j D k−j (n), which implies 1 + n≥1 ED k (n)x n = k−1 j=0 (−1) j k j k − j k − j − 1 ∞ i=1 1 1 − (k − j − 1)x i . Clearly, ED 1 (n) = {1, 1, 1, 1, 1, 1, · · · }. ED k (n) A few initial terms, n ≥ 1 OEIS k = 2
Partitions with distinct parts
In this section, we focus on partitions with distinct parts. We let d(n, m) denote the number of partitions of n into m distinct parts, then we recall that
Similar to previous sections, we can get following results accordingly.
where Cd k (n) denotes the number of k-colored partitions of n with distinct parts. We let Ed k (n) denote the number of the exact k-colored partitions of n with distinct parts. Then we have the following recursion
{Ed 2 } n≥1 = {0, 0, 2, 2, 4, 10, 12, 18, 26, 46, 54, · · · }.
Corollary 6. .
where Dd k (n) is the number of k-colored partitions of n with distinct parts so that no adjacent parts have the same color.
Clearly, Dd 1 (n) = {1, 1, 1, 1, 1, · · · }. For example, Dd 4 (n) = Now we consider to use exact k colors. We use EDd k (n) to denote the number of exact k-colored partitions of n with distinct parts so that no adjacent parts have the same color. Then we have Corollary 8.
EDd 
Remarks
Since for k-colored partitions, the coloring can be treated as a word over alphabet {1, 2, 3, · · · , k}, we could have more general conditions on colorings. A natural question is that how many kcolored partitions of n such that the coloring avoids some given substring. Duane and Remmel studied pattern matching in colored permutations in [3] . So we could ask how about pattern matching in colored integer partitions.
